The iterative time-reversal process focusing on the strongest scatterer in a multitarget medium has been described theoretically in terms of eigenvalues and eigenvectors of a time-reversal operator K*K in ultrasonics ͓Prada et al., J. Acoust. Soc. Am. 97, 62-71 ͑1995͔͒. In this paper, we extend the concept of iterative time-reversal to waveguide propagation in the ocean. For a single target, the iterative time-reversal process results in a minor improvement in spatial focusing. However, data from a recent experiment in the Mediterranean Sea ͓Kuperman et al., J. Acoust. Soc. Am. 103, 25-40 ͑1998͔͒ illustrates the importance of the waveguide and source transducer characteristics even in the single target case. When the ocean contains several reflectors, iterative time-reversal focuses on the target corresponding to the largest eigenvalue of the time-reversal operator, which depends not only on the reflectivity of the targets, but also on the complex propagation effects between the targets and time-reversal mirror. Analysis of the experimental data for a single target and simulation results with multiple targets in the ocean are presented.
INTRODUCTION
Over the past several years, acoustic time-reversal mirrors ͑TRM͒ have been studied extensively in medical ultrasound, [1] [2] [3] nondestructive testing, 4, 5 and ocean acoustics. [6] [7] A good overview of TRM is provided in the recent paper by Fink. 8 Unlike an ordinary mirror that produces the virtual image of an acoustic object, the TRM produces a real acoustic image of the probe source ͑PS͒ by converting a divergent wave emitted from the acoustic PS into a convergent wave focusing on the PS. A TRM can be realized by a source-receive array. The incident signal is received, time reversed, and retransmitted from an array of sources collocated with the receivers.
When the medium contains several reflectors, the timereversal process can be iterated in order to focus on the most reflective one, as demonstrated in ultrasonic laboratory acoustic experiments. [9] [10] [11] The theory of the iterative timereversal mirror has been presented by Prada et al. 11 in terms of eigenvalues and eigenvectors of the time-reversal operator K*( f )K( f ), where f is frequency,* denotes complex conjugation, and K( f ) is the transfer matrix of the array transducers ensonifying a time-invariant scattering medium. Prada et al. further extended the iterative time-reversal process to focus on a specific target by decomposition of the time-reversal operator called the DORT method. 12 Iterative time reversal in the ocean has been demonstrated recently in an experiment conducted in the Mediterranean Sea. 7 In this paper, we revisit the experimental results for a single target and investigate further iterative time reversal in the ocean for multiple targets. In our analysis, boundary reverberation is not considered explicitly since we assume the waveguide boundaries are smooth.
In Sec. I, we review the theory of the iterative timereversal mirror developed in free-space ultrasonics. Section II describes the experimental results with a single target in the ocean. Section III presents simulation results in the ocean with two targets. Finally, conclusions are given in Sec. IV.
I. ITERATIVE TIME REVERSAL
The theory of iterative time reversal has already been presented in Ref. 11 . We review briefly the basics of iterative time reversal assuming pointlike targets and single scatterering, and then derive the intensity of the sound field over the iterations. The pointlike scatterers are small compared to the wavelength and have a spherical response to the incident pressure field.
A. Overview of theory
Assume that the array of transducers for the TRM consists of M similar elements and that the medium contains d pointlike scatterers with reflection coefficients
In order to express the received signals as a function of those transmitted, we define for each pair of transducers an interelement impulse response k lm (t), from element l to element m ͑Fig. 1͒. This impulse response includes all of the propagation effects through the medium under investigation as well as the acousto-electrical responses of the two elements. Let a t (t) and a r (t) be the transducers' acousto-electrical response in transmission and in reception with Fourier transforms A t ( f ) and A r ( f ), respectively. For each frequency component f, a transfer matrix is defined as
Assuming pointlike targets and single scattering, 11 the transfer matrix K can then be written as
where
T is a column vector of transfer functions between the ith scatterer and M elements of the TRM, and T denotes a transpose operation. Note that K( f ) is symmetrical due to reciprocity. For convenience, we drop the frequency dependence f and suppress the acoustoelectrical responses A t and A r in most of the following analysis, since they can be absorbed into each of the transfer function H i as a scale factor, except in instances where the transducer characteristics must be considered.
Once we measure a transfer matrix K, an iterative TRM can be described theoretically in terms of eigenvalues and eigenvectors of a Hermitian matrix K*K referred to as a time-reversal operator in Refs. 10-12. Here, we confine our interests to the case of ideal separation of the reflectors 11 by assuming the orthogonality of transfer functions
͑2͒
This assumption is valid, for example, for reflectors at the same range but different depths in an ideal waveguide due to the ''closure'' or completeness property of the orthonormal modal functions if the source-receive array ͑SRA͒ spans most of the water column and adequately samples most of the modes so that the orthogonality condition is satisfied. 7 In practice, however, there are only a finite number of propagating modes in an oceanic waveguide so that Eq. ͑2͒ is satisfied only approximately, resulting in depth resolution of D/N where D is the water depth and N is the number of propagating modes. 13 In case of ideal separations, the Hermitian operator can be decomposed into
where the eigenvectors are H i * and the corresponding eigenvalues i including the acousto-electrical responses are
Note that each eigenvector of the operator H i * is associated with one of the pointlike scatterers, exactly the vector signal after time reversal for one scatterer considered separately.
The eigenvalues are positive because the operator K*K is Hermitian. The eigenvalues depend both on the reflectivity C i and on the propagation effects ͉H i ͉ which could be more significant in a complex oceanic waveguide due to the 4th power as compared to the 2nd power in C i as revealed in the following sections. The impact of the acousto-electrical responses of the transducers on the iterative time-reversal mirror also will be addressed in Sec. II.
B. Intensity at the nth iteration
In this section, we derive the intensity of the field in terms of eigenvalues of the time-reversal operator K*K for ideally resolved scatterers. It is shown in Ref. 11 that the pressure field resulting from an iterative process converges differently toward odd and even limits. In ultrasonics, the effect of focusing has been displayed in the vicinity of targets by the maximum magnitude of the pressure field. The probe pulse for ultrasonic laboratory experiments typically is a half cycle of the carrier frequency around 3.5 MHz. 8 However, in our ocean acoustic experiment where a 22-cycle pure-tone pulse with carrier frequency of 445 Hz was used, 7 we can better represent the focusing effect in terms of energy over a segment of data rather than the pressure itself.
Let P͓0͔ be the complex pressure vector received by each scatterer position after initial ensonification of the field by an input vector on the TRM, E͓0͔, such that P͓0͔ ϭA t H T E͓0͔ where Hϭ͓H 1 ,H 2 ,...,H d ͔ is an M ϫd transfer function matrix. The pressure field of the scatterers at the iteration number n, P͓n͔, can then be related to the pressure field at the iteration number nϪ1, P͓nϪ1͔, as follows ͑see 
P͓n͔ϭH
T ͑ HCP͓nϪ1͔͒*ϭH T H*C*P*͓nϪ1͔, ͑5͒
where Cϭdiag(C 1 ,C 2 ,...,C d ) is a diagonal matrix due to the single scattering assumption. Since the columns of H are orthogonal to each other for ideal separations of the reflectors as shown in Eq. ͑2͒, the intensity of the field by ith scatterer at iteration number n simply reduces to
where I i ͓0͔ϭ͉P i ͓0͔͉ 2 . For broadband pulse propagation in a time-reversal mirror, a total energy can be obtained using Parsevel's relation over the frequency band of the signal, 
II. ITERATIVE PHASE CONJUGATION IN THE OCEAN
Phase conjugation as applied to underwater acoustics has been explored theoretically 6 and demonstrated experimentally in the ocean. 7 Here, we describe the implementation of iterative phase conjugation using the geometry of the TRM experiment shown schematically in Fig. 2 and then analyze the experimental results. More details on the theory and experiment are given in Ref. 7 .
A. Experimental setup: Acoustic Ping-Pong
The April 1996 TRM experiment utilized a vertical source-receive array ͑SRA͒ spanning 77 m of a 125-m water column with 20 sources and receivers and a single source/ receive transponder ͑SRT͒ ͑echo repeater͒ or probe source FIG. 3 . Experimental results from iterative time reversal received on the SRA for a simulated scatterer ͑SRT͒ located at 75 m depth and 6.24 km range from the SRA. ͑a͒-͑c͒ display the pulse data received on the SRA at iterations #1, #11, and #16, respectively. ͑d͒-͑f͒ are the corresponding normalized spectra. Note that four elements of the SRA were dead during the experiment. Typically, there are three spectral-noise components around 410, 460, and 510 Hz, as shown in ͑d͒. The dominant noise component around 370 Hz in ͑e͒ is due to a small freighter passing 1 km away from the SRA.
͑PS͒ collocated in range with another vertical array ͑VRA͒ of 46 elements spanning 90 m of a 145-m water column located 6.3 km away from the SRA. Phase conjugation was implemented by transmitting a 50-ms pulse with center frequency of 445 Hz from the PS to the SRA, digitizing the received signal, and retransmitting the time-reversed signal from all sources of the SRA. The transmitted signal was then received at the VRA. An assortment of runs was made to examine the structure of the focal point region and the temporal stability of the process. These results are reported in Ref. 7 .
For the iterative phase conjugation experiment, the probe source with collocated receiver ͑an element of the VRA͒ now acts as a simulated scatterer ͑SRT͒. The iterative time-reversal process is initiated by transmitting a 50-ms pulse with equal amplitudes on all elements from the SRA to ensonify the waveguide. The transmission is captured at 75 m depth by the SRT and retransmitted ͑echoed͒ back to the SRA. The SRA time reverses the received signal and retransmits it from all the SRA sources back to the VRA. This acoustic Ping-Pong process was repeated many times over an FIG. 4 . Experimental results from iterative time reversal received on the VRA for a simulated scatterer ͑SRT͒ located at 75 m depth and 6.24 km range from the SRA. ͑a͒-͑c͒ display the pulse data received on the VRA from the time-reversed transmissions of the pulses shown in Fig. 3͑a͒ -͑c͒ at iterations #1, #11, and #16, respectively. ͑d͒-͑f͒ are the corresponding normalized spectra.
hour with 2 min between each round trip. Here, we report on the experimental data obtained on JD 115 ͑24 April 1996͒ from 11:06 to 11:38 Z for a total of 17 successive iterations. Figure 3 shows the pulse data and corresponding spectra received on the SRA for iterations #1, #11, and #16. The simulated scatterer ͑SRT͒ was located at 75 m depth and 6.24 km range. Here, we refer to iteration #1 as the first time-reversal operation after initial ensonification. The data are a combination of signal and noise. A 233-ms segment of data was digitized and time reversed for retransmission to the VRA at each iteration. Note in the time-series displays that the signal level increases over the iterations due to an iterative loop gain being greater than 1. Also note in Fig. 3͑b͒ that the signal is hardly visible due to shipping noise around 370 Hz. Typically, there are three spectral-noise components around 410, 460, and 510 Hz, as shown in Fig. 3͑d͒ . As will be seen, these noise components turn out to be an important factor in the analysis of the experimental data. Figure 4 shows the time-series data and corresponding spectra as received on the VRA from the time-reversed transmission of the pulses shown in Fig. 3 . The time series are normalized with respect to the maximum amplitude as opposed to Fig. 3 , where no normalization has been applied. Two observations can be made. At the first iteration shown in Fig. 4͑a͒ , we clearly see a vertical spatial focusing of Ϯ15 m around the 75-m SRT depth as well as a temporal compression to 50 ms ͑the original pulse length͒ plus the time spread of the sound channel due to the initial ensonification by the SRA which is not significant, as will be seen in Fig.  11͑a͒ . Note, however, that the time series duration expands significantly over the sequence of iterations. Expansion of the signal duration is confirmed by the more narrow bandwidth of the corresponding spectra over the sequence of iterations on the right side of Fig. 4 . Second, Fig. 4͑b͒ shows very good spatial focusing in the presence of the dominant shipping noise around 370 Hz, as shown in Fig. 3͑b͒ .
B. Experimental results
An alternative way to display the VRA data is to plot the energy over a 0.3-s window as a function of depth and iteration. Due to the sidelobe suppression between 40-60 m above the SRT depth of 75 m, Fig. 5 appears to indicate an increase in focusing over the sequence of iterations. However, the iterative simulation results for a single target in Fig.  6 suggest only a minor improvement in spatial focusing. The environmental model used for the simulations throughout this paper is displayed in Fig. 7 . Note that Fig. 6 also indicates the degree to which orthogonality of the transfer functions as described in Eq. ͑2͒ is satisfied.
The apparent improvement in spatial focusing is due to the noise components observed on the SRA ͑especially around 460 Hz, close to the carrier frequency of 445 Hz͒. As mentioned earlier, typically there are three noise components around 410, 460, and 510 Hz embedded in the observed data on the SRA. A typical noise-alone time series observed on the SRA is shown in Fig. 8͑b͒ , along with its corresponding normalized spectrum in Fig. 8͑d͒ . The result of backpropagating the noise-alone time series to the VRA in simulation and the corresponding spectrum are displayed in Fig. 8͑a͒ and ͑c͒, respectively.
Note that the backpropagated noise contributes substantially to the field between 40 and 60 m depth, as is also shown by the dashed line in Fig. 5 . At the beginning of the iteration process, this backpropagated noise field degrades the apparent spatial focusing significantly, as shown in Fig.  5 . Over the sequence of iterations, however, the noise level becomes negligible compared to the signal level. The signal level increases due to the iterative loop gain being greater than 1 ͑see Fig. 3͒ . Thus, after a number of iterations we attain a spatial focusing that would be similar to the spatial focusing without noise, as shown in Fig. 6 .
Aside from the noise issues, Fig. 9 shows the normalized spectra ͑dB͒ at the target depth of 75 m for iterations #1, #11, and #16 selected from ͑d͒-͑f͒ in Fig. 4 . It is interesting to note a 5-Hz shift in the center frequency from 445 to 440 Hz over the sequence of iterations as well as the more narrow bandwidth described earlier.
As derived in Sec. I B, the intensity of the sound field at a single target after the nth iteration is I 1 ͓n͔ϭ n ( f )I 1 ͓0͔, with the initial ensonification of I 1 ͓0͔ϭ͉A t ͉ 2 ͉H 1 T E͓0͔͉ 2 . The initial input vector E͓0͔ is equal to S( f )I, where S( f ) is the source spectrum of the pulse initially transmitted from the SRA and I is a unit vector. The expression for the eigenvalue of the time-reversal operator is given by Eq. ͑4͒, which depends upon the SRA source transducer functions A t ( f ) and A r ( f ), the medium propagation characteristics H 1 ( f ), and the target reflectivity C 1 . In the experimental data, the SRT ͑echo repeater͒ transducer was identical to those used in the source array ͑SRA͒. Accordingly, C 1 in Eq. ͑4͒ needs to be multiplied by an additional factor of A t ( f ). On the other hand, the receiver hydrophones of the SRA have an almost flat frequency response over the frequency band involved ͓i.e., A r ( f )ϭconst]. 
III. MULTIPLE TARGETS IN THE OCEAN
In this section, we investigate the case of multiple targets in the ocean through simulations. For simplicity, we consider two pointlike targets at the same range ͑6.3 km͒, but different depths of 40 and 75 m, denoted by T1 and T2, respectively. Without loss of generality, we assume a flat frequency response of the transducers. Noise is not included in this simulation.
First, consider two targets with equal strength, i.e., C 1 ϭC 2 . As in the single-target case, we ensonify the acoustic waveguide by transmitting 50-ms pure-tone pulse with equal amplitude from all sources of the SRA to the VRA. Figure  11͑a͒ shows the initial ensonified field I͓0͔ at the VRA, which is not homogeneous with depth as opposed to the free-field case. As noted earlier, pulse spreading is not significant mainly due to the narrow bandwidth of the pulse employed. Note also that we have much weaker energy near the surface due to the downward-refracting sound-speed profile included in the environmental model. Figure 11͑b͒ and ͑c͒ show results after the first and third iterations, respectively. Note that target T1 at the shallower depth is barely visible after the first iteration and disappears almost completely after the third iteration. This observation can be explained from Eqs. ͑6͒ and ͑7͒. In our example, the ratio of the ensonified field I 1 ͓0͔/I 2 ͓0͔Х0.24 and the ratio of eigenvalues 1 / 2 ϭ͉H 1 ͉ 4 /͉H 2 ͉ 4 Х0.44 at the center frequency of 445 Hz for targets with the same reflectivity. As shown in Fig. 12 , after one iteration the intensity of T1 drops almost 7-8 dB with respect to the level of T2 when integrated over the frequency band.
This example demonstrates that an iterative timereversal process in an underwater waveguide does not necessarily focus on the most reflective target. The ''effective'' reflectivity includes the propagation effects between the targets and the SRA. The target with the largest effective reflectivity is the one which corresponds to the largest eigenvalue of the time-reversal operator.
The next question then is, under what condition can we focus on the shallow target T1. Since the propagation effects are determined by the relative position of the targets with respect to the SRA, the target strength of T1 must be strong enough to compensate the smaller ͉H 1 ͉ as compared to ͉H 2 ͉ such that 1 / 2 Ͼ1. We already have computed that the ratio of the eigenvalues is 1 / 2 Х0.44 for the same reflectivities. Then, from Eq. ͑4͒ the target strength of T1 must be increased to greater than 1/ͱ0.44Х1.5. Figure 13 
IV. CONCLUSIONS
The concept of an iterative time-reversal mirror has been extended to waveguide propagation in the ocean. For a single target, the iterative time-reversal process results in a minor improvement in spatial focusing. However, analysis of data from a recent experiment in the Mediterranean Sea did illustrate the importance of the waveguide and source transducer characteristics even in the single transducer case. Their combined effects through repeated multiplication over the iteration process resulted in narrowing of the pulse bandwidth along with a-5-Hz shift in the center frequency.
When we have multiple targets in free space, iterative time reversal selects out the most reflective target which corresponds to the largest eigenvalue of the time-reversal operator. In the waveguide case with smooth boundaries, the eigenvalues of the time-reversal operator are a function of the target reflectivities as well as the complex propagation characteristics of the medium. As shown in Eq. ͑4͒, the propagation characteristics are very important in an oceanic waveguide. Simulations with two targets at the same range but different depths were used to illustrate both of these effects on focusing. 
ACKNOWLEDGMENTS

